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Abstract. In a recent article, G. Malle and G. Navarro conjectured that 
the p-blocks of a finite group all of whose height characters have the same 
degree are exactly the nilpotent blocks defined by M. Broue and L. Puig. In 
this paper, we check that this conjecture holds for spin blocks of the covering 
group 2.2tn of the alternating group 2tn, thereby solving a case excluded from 
the study of quasi-simple groups by Malle and Navarro. 



1. Introduction 

In a recent paper (|t6j), G. Malle and G. Navarro have formulated a conjecture 
about nilpotent blocks of finite groups. The notion of nilpotent block was first 
introduced by M. Broue and L. Puig in [2], and should be the most natural to 
study from a local point of view. However, the definition given by Broue and Puig 
uses the Alperin-Broue subpairs, making the detection of nilpotent blocks a difficult 
problem. One strong property of nilpotent blocks is that, if a p-block B oi a finite 
group G is nilpotent, then all the height zero characters x G Irro(i?) have the same 
degree. In [B], Malle and Navarro conjecture that the converse also holds, therefore 
giving a global characterization of nilpotent blocks which is visible in the character 
table of G. 

In their paper, Malle and Navarro prove that their conjecture is true whenever 
B is the principal block of G ([H Theorem 3.1]), or if the defect group D of B 
is normal in G {\W, Theorem 5.2]). They also prove that it holds whenever D is 
abelian, provided Brauer's Height Zero Conjecture holds Theorem 4.1]), and 
make considerable progress in the case of p-solvable groups. Finally, they give a 
proof of their conjecture for all finite quasi-simple groups (p', Theorem 6.1]), with 
the possible exception of quasi-isolated blocks of exceptional groups of Lie type 
in bad characteristic, and faithful blocks of the 2-fold covering group 2.2(„ of the 
alternating group 2l„ {n > 14). 
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The objective of this paper is to prove that the covering group 2.2t„ does not in 
fact yield any counter-example to the conjecture of Malle and Navarro, i.e. that any 
block of 2.2l„ all of whose height zero characters have the same degree is nilpotent 
(Corollary 14. 2p . In Section [21 we introduce the classical results about characters 
and blocks we need to study the case of 2.2t„. In Section[3l we construct, for blocks 
of 2.&n with non-abelian defect group, height zero characters with distinct degrees. 
Finally. Section [4] is devoted to restricting these characters to 2.2l„ and checking 
that they do provide the desired result in this case. 

Note that, even though our method is analogous to that used by Malle and 
Navarro in the case of 2l„, the fact that we use bar partitions and bars instead of 
partitions and hooks induces several complications. Also, there is no clear bar ana- 
logue of the relative hook-formula for character degrees they use in the symmetric 
group. 



In this section, we present an overview of the representation theory of the cov- 
ering groups of &n and 2l„. These groups were first introduced and studied by I. 
Schur in [9]. Unless stated otherwise, all the results in this section (and references 
for proofs) can be found for example in [S]. 

The symmetric group 6„ has, for n > 4, two non-isomorphic 2-fold covering 
groups (only one if n = 6) which are isoclinic, and therefore have virtually identical 
representation theory. We therefore denote, slightly abusively, by 2.<S„ one of these 
covering groups. Then 2.(5„ has center (z) of order 2, and 2.©„/(z) = ©„. The 
group 2.&n has a (unique, normal) subgroup of index 2, which is the unique 2-fold 
covering group 2.2l„ of the alternating group 2l„. 

The irreducible complex characters of 2.6„ and 2.2l„ fall into two categories. If 
X € Irr(2.6„) (or x G Irr(2.2l„)), and if z e ker(x), then x is just lifted from an 
irreducible character of 6„ (or 2l„). Otherwise, x is a faithful character, also called 
spin character, and corresponds to a projective representation of 6„ or 2l„. 

The spin characters of 2.(S„ and 2.2l„ are canonically labelled by the bar parti- 
tions of n, i.e. partitions of n in distinct parts. If A = (oi > • • • > a„i > 0) is a bar 
partition of n, then we let m(A) = m and cr{X) = (— If (t(A) = 1, then A 
labels a unique spin character of 2.(3„. The restriction to 2.2l„ of this character is 
the sum of two associate spin characters, both labelled by A. If, on the other hand, 
(t(A) = —1, then A labels two associate spin characters of 2.2t„; both have the same 
restriction to 2.2t„, which is the unique spin character of 2.2l„ labelled by A. 

The notion that replaces that of hooks in partitions is given by bars in bar 
partitions. If A = (ai > • • • > > 0) is a bar partition of n, then the set of bar 
lengths in A is 



For any integer £, we call £-weight of A the number of bars in A whose length is 
divisible by £. Such a bar is called an {£)-hai. 

Writing H{X) for the product of all the bar lengths in A, we have, in analogy 
with the Hook-Length Formula for the degree of characters of 6„, that any spin 
character of 2.6„ labeUed by A has degree 2L("-"(^))/2J 



2. Characters and blocks of covering groups 




{1, . . . , Oi} U {oi + Oj \j>i}\ {oi - Oj I j > i}. 



l<i<m 
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If we now take a prime p, then the distribution of irreducible characters of 2.&n 
and 2.2t,i into p-blocks depends on the parity of p. 

lip is odd, then every p-block B of 2.S„ or 2.2t„ contains either no spin character, 
or only spin characters. A block with no spin character is really just a block of (3„ 
or 2l„, and its defect groups are the same as in these groups. In particular, the 
conjecture of Malle and Navarro holds for these blocks of 2.2l„ because it holds in 
2tn (by [6, Corollary 9.3]). If B contains only spin characters, then B is refered to 
as a spin block, or faithful block. Such a block has either defect 0, hence contains 
a unique spin character (labelled by a bar partition with p- weight 0), or it consists 
exactly of all the spin characters labelled by bar partitions with a given p-core 
(the bar partition obtained by removing from a bar partition all the bars of length 
divisible by p). This is known as the Morris Conjecture, which is the analogue of 
the Nakayama Conjecture for the symmetric group, and was proved in [5J and [3J. 
Each spin block B of 2.(3„ of p-weight w > 1 covers a unique block B* of 2.2l„, 
which is labelled by the same p-core (and each spin block of 2.2t„ is covered by a 
unique spin block of 2.©„). The defect groups of B and B* are entirely determined 
by w, and are the same as the defect groups of any block of p- weight w in ©„. We 
also see from the degree formula that a spin character of B has height if and only 
if it's labelled by a bar partition of (p-weight w and) maximal p^-weight, maximal 
p'^-weight, etc. Finally, note that Brauer's Height Zero Conjecture is known to be 
true in this case (see Olsson [7^). To check that Malle and Navarro's conjecture 
holds in this case, it is thus sufficient to check that, if such a block has non-abelian 
defect groups, then it contains two non-spin characters of height with distinct 
degrees. 

If, on the other hand, p = 2, then each p-block of positive defect of 2.6„ or 2.2l„ 
contains both spin characters and non-spin characters (for a complete description 
of the 2-block structure of 2.(5„ and 2.2t„, see [1]). 

By [6l Corollary 9.3], any such block B of 2.2l„ all of whose height zero non-spin 
characters have the same degree corresponds to a block b of 2t„ with the same 
property, and thus of defect in 2t„. Any such B therefore has cyclic defect group 
of order 2 in 2.2t„. Since Brauer's Height Zero Conjecture holds in this case, B is 
nilpotent. Hence the conjecture of Malle and Navarro is true for 2.2t„ when p = 2 
(see Corollarvl4.2p. 

From now on, we therefore always suppose that p is an odd prime, and only 
consider spin blocks. 

3. Bar-partitions with different products of bar lengths 

Take any odd prime p, and let 7 be a p-core. Until the last result of this section, 
we assume furthermore that 7 7^ 0. 

We write 7 = (oi > • • • > a„j > 0) and — {ai, . . . , a™}. The bars in 7 
correspond to 

• pairs (x, y), with < x < y, x ^ X-y and y G X-y (these have length y — x, 
and type 2 if a: = and type 1 if x ^ 0), and 

• pairs (i, j), with 1 < i < j < m (these have length Oi + Oj and type 3). 

We start by giving three easy consequences of the fact that 7 is a p-core. Firstly, 
for all 1 < i < m, we have Oi ^ (mod p) (otherwise, 7 would have a (p)-bar of 
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type 2). We can thus arrange the a^'s according to their vahie mod p, and let 

^0 ~ {oi I fli = (mod p)} = and Xj — {a^ | = j (mod p)} for 1 < j < p — 1. 

If Xj 0, then ^p-j = (otherwise, we would have at = pfcf + i G Xj and 
Cs = pfcs + — j) G ^p-jj Ernd thus the (p)-bar at + Cs = vi^t + fcs + 1) of type 3). 
Finally, if Xj ^ 0, then = {j + fcp , < fc < d^}. Indeed: 

• J e since, otherwise, (j, Oi) (for any G Xj) would give a (p)-bar of 
type 1 (note that, obviously, if j G X-y, then j G Xj); 

• if + sp G Xj for some s > 0, then j + tp E Xj for all < t < s (since, 
otherwise, {j + tp, j + sp) would give a (p)-bar of type 1). 

If Xj =0, then we set dj = —1. For any < j < p — 1, we also write Cj = j + djp. 

Now take any integer w > 1. We define some bar partitions with p-core 7 and 
p- weight w. 

• Define A^,""^ by letting X^(„) = X^ U {pw} = (Jj^o -^j '^"'^ (so that Xp'*'^' = 

{pw} and Xj'^""' = Xj for 1 < < p — 1). Note that Aq™'' can be defined 
even if 7 = 0. 

• If Xi 7^ (for some 1 < i < p — 1), then define A^""' by letting X^(™) ~ 
X, U {e, + pw} \ {ej = U -^o ^'/""^ (^o that X^'^"') = 0, X'/^""^ - X, for 
1 < J 7^ * < P - 1, and X;-'""^ = X, U + d.p + \ {i + d^p}). 

Let also a[,°^ a|"' = 7. 

Note that Aq™"* and (if X^ 7^ 0) xf"^ are bar partitions of I7I +pw, with p- weight 
at least w and p-core 7, and thus p-weight exactly w. 

Note also that, by definition, all the (p)-bars in Ag"''' are of type 1 or of type 2 
(and there's exactly one of these), while, if Xi =/= 0, then all the (p)-bars in Aj™'' are 
of type 1. 

Finally, note that ■m{x'j~l"^) = ^(7) + 1, while, if Xi ^ 0, then m(A|"'-') — m{^). 

First, we suppose that Xi ^ 0, and we want to compare H{\'f^) and H{X^^ ^'') 
(the products of all bar lengths in X'f ^ and x[^ respectively). Note that, if 
n^=l, then _)^^-'^ = 7. WriteJ?(A('"^) = Hrn{:^^)Hu{X^'') and H{x'^-'^) = 
Hm{X^i" ^'^)Hu{x'f ^''), where Hm (respectively Hu) stands for the product of all 
mixed (respectively unmixed) bar lengths, i.e. of type 3 (respectively of type 1 or 
2). 

Proposition 3.1. With the above notation, we have 
T7 (\^-^)\ 



and 



"^u\'^i ) 0<j=ii<p-l 



Hmi'X'f'^) _ J-j- Ci+Cj+pW 



Tf fA^'""^^ ^ei+p(w -1) + j' 



Proof. To prove the first part, one can simply compare explicitly all the unmixed 
bars in A^'"'' and A^"" Another way is to apply [6l Theorem 9.1] (or the special 
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case that immediately fohows) to the partitions (aI""')* and (a'™ ^■')*, which corre- 
spond to the /3-sets X^(iu) and X^(u,-i). Indeed, these have p-core 7* (the partition 

corresponding to the /3-set X^), p- weight w and w — 1 respectively, and their hooks 

and hook-lengths correspond exactly to the unmixed bars and their lengths in A^"''' 

and x'f-'\ 

We now turn to the second part. The only mixed bars which are not common 
to Aj-™'' and A^"" have lengths: 

• in A^"''': {i+dip+pw+x['^ \ j ^ i, Xj ^ 9, < k < dj}, where x['^ = j + kp; 

• in aI"""^': {^ + d^p + p{w - 1) + x[^^ \ j i, X^ ^ 9, < k < d^}. 

Since i + d^p + pw + .xjf ^ = i + d^p + p{w — 1) + x^/^^^, when we divide out, we're 
only left with k = dj in x'f"^ and fc = in a|™ This yields 

HrnjX^i^^) _ T-r i + dtP +pw + j + djP _ T r 6^ + Cj + pW 

-TT c\("'-i)\ J-J- i + dip + p{w -\) + j ^ e; + 1) + 7 ' 

□ 

Corollary 3.2. If X, ^ %, then 

j^—^ = pw{p{w-l)+ei+i) Y[ \p{w-l)+ei-ej\{pw+ei+ej) \pw+ei-k\ 



Proof. From Proposition 13. 11 we easily obtain, if Xi ^ 0, 

^i^t""^) TT I / 1^ , I TT Ci + Cj+pw 
_ ' ' =pw \p{w - 1) + - eA — :. 

Separating the first product according to whether Xj = or not, we get 

pw TT \p{w-l)+e^-eJ\{pw+e^+ej) TT \p{'w~l)+e^-ek\ TT — . 

ti p{w-l)+e^+j 

Now, if Xj ^ 0, then Xp-j — (since 7 is a p-core), so that p — j ^ i (since Xi ^ 0), 
and j = —[{p — j) — p] = —Cp^j. We thus have 

H \p{w - 1) + ~ ek\ n ^ 



p(w — 1) + ei + 7 

\[ \p{w^\) + e,-ek\ n ^ 



»(!(; — 1) -I- Ci — e„_i 



\p{w - 1) -I- - efcl 
p(w - 1) -f - efe 

And, since Xi ^ 0, we have Cp-i = — i and p{w — 1) + — ep_i — p{w — 1) + Ci + i 



(M--l)-^e,-e,_.) n ;r ;re' n b(-l) + e.-e.|. 
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If Xk = 0, then Cfe = A: — p < 0, so that p{w — 1) + ej — > (since a > 0), 
whence the first product is 1, and p{'w — \) + et — eu = pw + ei — k. Finally, if 
Xk = 0, then k ^ i. We therefore get, if Xi ^ 0, 

— = pw{p{w-l)+ei+i) Yl \p{w-l)+ei-ej\{pw+ei+ej) JJ \pw+ei-k\ 

□ 

Remark: If Xi ^ 0, then a > i, so that Ci — k>i — k> —p and, whenever 
w > 1, we have \pw + — fc| = pw + ei — k. 

We now establish the analogous result for the bar partitions Xq"^ and Xq"~^^: 

Proposition 3.3. With the above notation, we have 
• if w > 1, then 



^-(^0 ) =pw TT \p{w-i)- 
and 



ei 



• if w = 1, then 



Hu{X^^'^) _ n-nle, 



J#0 



and 



4i$k= n n (^^+.+M= n 

J^mK'^O > j^QXj^^ 0<k<dj \<i<m 

Proof. We start with the unmixed bars. All the unmixed bars {x, y) in Ao""' such 
that a; ^ (mod p) and y ^ (mod p) are also in X^^~^\ and conversely. Hence we 
just need to consider the unmixed bars {x, y) with x = (mod p) or y = (mod p). 



Those with x = y = (mod p) contribute exactly pw to = — {u,-i) ■ 

Next suppose y = (mod p), and x = j (mod p), with < j < p — 1. The bar 
lengths to consider are thus: 

• in Aq™'': {pw — x^^^ \j 0, dj <w — 2, l<k<w — dj — 1}, where 
Xf, = Cj -\- kp'j 

• in a[,""^^ {p{w - 1) - x^-*^ I 0, < w - 3, 1 < fc < w - - 2}. These 
only appear if w > 1; however, since, when w = 1, {j \dj < w — 3} = 0, the 
result applies in this case too. 

Now, for any j ^ such that dj < w — 3, we have pw — x^^ = p{w — 1) — x'j^li 

for all 1 < fc < w — — 1, so that everything cancels out in -^"^^^^^^^^ except for 

k = 1. We're thus left exactly with pw — x^^^ = p{w — 1) — ej. If, on the other 
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hand, dj = w — 2, then the only bar that appears is given by fc = 1 in Aq"""*, and it 
contributes p(w — 1) — e, to — ,\ . 

Finally, suppose x = (mod p), and y = j (mod p), with < j < p — 1- Now, 
for X e {X.(w), X,(w-i)}, we must have x=pr^X,y=j + kp£X, whence 

k < dj, and y > a;, so that k > r. Hence we just need to exclude r = w in X^"^ 
(since wp G and r = w — 1 in Aq"' (since (w — l)p € except if 

w = 1 (in which case x = {w — l)p = ^ X^(w-i) = X^). We thus get, for the 
product of these bar lengths, 

• inA^"'^ n n {j + kp-pr); 

r>0,r^ii; r<k<dj {dj>r) 

• inA^'""^^ n n (j + kp-pr). 

r>0,r^w-litw>l r<k<dj (dj>r) 

After cancellations (corresponding to fixed r {w, w — 1}), we're left with 

• in '^o'"' '■ n U + kp- p{w - 1)); 

w — l<k<.dj {dj'>w — l) 

• inA[,"'"^^ n U + kp-pw), 

w<k<dj {dj>w) 

and also, if w = 1, (j + kp — p{w — 1)). 

w — l<k<dj {dj>w—l) 

After further cancellations, we see that, whether dj > w or dj = w — 1, we're only 
left with k = dj in which contributes j + djp — p{w — 1) = Cj — p{w — 1) to 

n {j + kp - p{w - I)) = ]J {3+kp)= W a,. 

w-\<k<dj {dj>w-V) 0<k<dj {dj>0) l<i<m 

Putting together the three cases for the values of x and y, we obtain the an- 
nounced expressions for ■ 

Turning now to mixed bars, we see that the only ones which are not common to 

Aq""' and Aq™ have lengths 

• in aIi'"^ {pw + x^-*'^ I J 7^ 0, 7^ 0, < fc < dj}, where j + kp; 

• in A^,'""^', only if w > 1: {p{w - 1) + x^^^ | j 7^ 0, / 0, < fc < d^}. 

If w > 1, then pw + x^^^ = p{w — 1) + a^fe+i, so that we're only left with fc = dj in 
A^""^ and fc = in A^'""^^ This yields 

HmjXo"^) _ -j-j- pw+j + djP 



'^"''f^-i) • In addition to this, and only in the case w = l,we have, left in Aq*^' ^\ 



\iw = 1, then we obtain 

^7^= n n (p+.-+M= n 

tlm\/^^ ) j^o, Xj740 0<fe<dj l<i<m 

as announced. 
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□ 

Corollary 3.4. 

[ ^5:^0 l<i<m * 

We can now show that it's always possible to construct two bar partitions with 
same bar core 7^0 and weight w > 1 such that the corresponding products of bar 
lengths are distinct. 

Theorem 3.5. Suppose there exist ii ^ 12 such that ii, 12 > 0, X^^ ^ and 
Xi^ 7^ 0, and suppose e^^ > e^^ > Cj for all j ^ {ii, 12}- Then, whenever w > 1, we 
have H{x[^'^) > H{x[^^). If, on the other hand, there exists a unique i ^ such 
that Xi ^ 0, then, whenever w > 1, we have H(Aj-™^) > H(X'^"'). 

Proof. First suppose zi, ^2 > 0, Xi-^ ^ 0, Xi^ ^ 0, and e^j > e^^ > Cj for all 
j ^ «2}- We use Corollary 13. 21 

Whenever X^ — Xp^k — 0, we have k ^ {ii, 12}, and pw-\-ei-^ —k> pw+Ci^ —k> 
as soon as w > 1. Thus, unless both products are empty 

{pw + e.,^-k)> {pw + Ci^-k). 

Xk—Xp-k—^ Xk—Xp-k—^ 

If, on the other hand, j ^ {ii, 12} and Xj 7^ 0, then < Cj < < a^. Hence 
e,;^ + Cj, + ej, - e^, e^^ - Cj > 0. Thus Q < pw + + < pw + + Cj, and 

\p{w-l) + ei^ -ej \ = l) + ei2 -^i < p{w-l) + ei^ -ej = \p{w-l) + ei^ -ej|, 

whence 

\p{w - 1) + - ej\{pw + + ej) > \p{w - 1) + - ej\{pw + + Cj). 

Finally Ci-^ — e^^ > 0, so that \p{w — 1) + e^j — e.^j | = p{w — 1) + Ci-^ — and 

- 1) + - GjjKpw + + e^J > - 1) + e-j^ - eij(pw + + e^J, 

and this last inequality is in fact strict unless w = 1, in which case the spin block 
we consider has abelian defect. 
We thus obtain 

J]^ \p{w-l)+ei^-ej\{pw+ei^+ej) > \p{w-l)+ei^-ej\{pw+et.,+ej). 
j^n,Xj^9 ]^i2,Xj^$ 

Finally, for each k e {1, 2}, we have a^. = ik +pdi^. Now, since > e^^, we 
have either di-^ > di^ > 0, or di-^ — di.^. If di-^ > > 0, then pdi-^ > pdi^ +p, and 
Gil + ii > + 12 (since < ii, 12 < p)- If, on the other hand, di-^ = di^^ then 
ii > 12, so that + ii > + i2- 

We thus have — 1) + ei^ +ii> p{w — 1) + Ci^ + «2, whence, by Corollarv l3.21 

Hix^^) mx^ 

> , whenever u; > 1. 



Since a|°^ = A^-"^ = 7, induction on w gives that H{x[^^) > H{x[^^) if u; > 1. 
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pw 



\p{w — 1) + Ci — [j — p)\ (the other product being 1) 



Suppose now that there exists a unique i ^i) such that Xi ^ Then X = Xi = 
{i + kp, < k < di} = {a,n, ■ ■ ■ , ai} = {i, i + p, . . . , Ci}. Also, Ci ^ i + dip > i, 
and Cj — j — p whenever j ^ i. By Proposition 13. 11 we have, whenever w > 1, 

0<j^i<p-l 

^ pw Y]_ \pw + a - j\ ^ pw (pw + Ci-j). 

0<j5^i<p-l 0<j#i<p-l 

On the other hand, by Coronarv l3.41 we have, if w = 1, 

^ 1^0 J j^Q l<k<m " \j^0 



II II 

^i<j<p-i J 

while, if ti; > 1, then we have 

— — ~ pw Y[ b(™ ^ 1) ^ (t^^ other product being 1) 
= pw\p{w - 1) - e^\ Yi \p{w - I) - {j - p)\ 

= pw\p{w - 1) - ei\ Y\_ (pw^-j)- 

i<j#i<p-i 

If w > 1, then, whenever 1 < j i < p ~ I, 'we have pw — j < pw + — j, and (for 
j = 0) \p{w — 1) — e^l < p{w — 1) + < pw + 6—0. Hence, in this case, 



If w = 1, then 
Mil 

0<j^i<p-l l<J#i<p-l 



— (0), =P n iP + ez-j)=pip + ei) Yl (P + ei-j)- 



Now l\l<J^^<p-liP + j) > I\l<J^^<p-liP + i- j) (since e, > i > 0). We 
rewrite Ui<j=^t<p-i{P + ^ - j) as ni<j<»-i (P + « - n.+i<j<p-i (P + * " j)- Then 
ni<,<,-i(P + ^ - j) = {P + l){p + 2) ■ ■ ■ {p + I - 1) > 1.2 - ■ ■ - 1) ^ {i - 1)!, 

and n.+i<,<p-ib + ^-j) = ip- - 2) • • • (p + * - (p - 1)) = ^.i^. Hence 

U,<,^.<p:Ap + - > ^'-^ - ^ and 

Since A^-'''' — X^^"^ = 7, induction on w yields that H{X^^'^) > H{X^^'^) whenever 
w>l. 

□ 

Finally, we deal with the case of the principal spin blocks, that is the spin blocks 
of 2.&n and 2.2t„ labelled by the empty bar core. 
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Proposition 3.6. For any w > 2 and odd prime p, the bar partitions /ip™'' — (pw) 
and /i'™-* = [pw — 1, 1) of pw satisfy H{fj,'^^) > 2H{p.^^^). 

Proof. This is obvious, since tlie bar lengtlis in /Iq™'' are {1, 2, . . . , pw — 1, pw}, 
while those in /i^™'' are {1, 2, . . . , pw — 3, pw — 1, pw, 1}, and, since w > 2 and 
p > 3, we have pw — 2 > 2. 

□ 

4. Height zero spin characters of 2.6„ and 2.2t„ 

We can now prove our main result 

Theorem 4.1. Let n > 4 be any integer and p be an odd prime. If B is a spin 
p-block o/2.2l„ with non-abelian defect groups, then B contains two height char- 
acters which have distinct degrees. 

Proof. Let 7 be the p-core labelling B and the corresponding spin p-block B* of 
2.(3„. Let w be the p- weight of B and B* . Since B has non-abelian defect, we 
have w > p. We use the notation of Section [31 and we write Irro(i?) for the set of 
irreducible (spin) characters of height zero in B. 

First suppose that 7 = 0, so that n = pw. Take any two spin characters xo 
and xi of 2.©„ labelled respectively by the bar partitions fi^^ = {pw) and ^J"*^ = 
{pw — 1, 1), and take spin characters and tpi appearing in the restrictions to 
2.2l„ of Xo E^nd Xi respectively. In particular, we have t/iq, tpi e Irro(_B). We have 

Xo(l) = 2L("-i)/2)J^^ ^^^^ ^^(1) =2L("-^)/2)J ^ . 

First suppose that n — pw is odd. Then (t(/Zq"''') = 1 and a{fi^i"^) ~ —1, so that, 
when restricted to 2.2t„, xo splits while xi doesn't. We thus have Vo(l) — 5X0(1) 
and V'i(l) = Xi(l)- Since, in this case, [{n — 2)/2)J — [{n — 1)/2)J — 1, we have, 
by Proposition 13.61 

1 2L("-i)/2)J-inl 2L("-2)/2)j^| 2L(""2)/2)J^| 

2"^"^'^ ^ H{,i-') ^ Wo"') ^ wr') ^ 

so that %Ijo, ipi g Irro(i3) satisfy V'o(l) < V'i(l)- 

Suppose now that n is even. In this case, when restricted to 2.2l„, xi splits while 
Xo doesn't, and [{n — 2)/2)J = [{n — 1)/2)J. By Proposition 13.61 we get 

2L(»-i)/2)J„i 2L("-2)/2)j^| 2 

so that tpOi V'l G Irro(i3) satisfy ■!/'o(l) < V'i(l)- 

This proves that, whenever the principal spin p-block B of 2.2t„ has weight 
w >2 (in particular, when B has non-abelian defect group), B contains two height 
characters with distinct degrees. 

From now on, we therefore suppose that 7 7^ 0. If there exist i ^ j such that 
Xi ^ % and Xj ^ 0, then we can suppose > Cj > Ck for all k ^ {i, j}, and 
consider the bar partitions A^™^ and A^'"'* of n constructed in Section |31 They have 
the same number of parts m{x[^'^) = m(Aj"'^) — 771(7) = ™- If Xi ^-iid Xj spin 
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characters of 2.6„ labelled by and A^™"* respectively, then, by construction, Xi 
and Xj have p- height 0, and, by Theorem 13.51 

X.(l) = 2L("-™)/2)J < 2L("-™)/2)J = xAl). 

Also, ct(a|"''') = cr(Aj"'''), so that both Xi a-^d Xj split when restricted to 2.2l„, or 
none of them does. In both cases, we thus obtain "0^, ipj £ Irro(-B) which satisfy 

Now suppose there exists a unique i such that Xi ^ 0, and consider the bar 
partitions A^"''' and Aq™^ of n. Then to(a|"''') — 771(7) — ™ ^^id ?ti(Aq"''') = m + 1. If 
Xi and xo are spin characters of 2.6„ labelled by A^™-* and Aq™'' respectively, then, 
by construction, Xi and xo have p- height 0, and we have 

X,(l) ^ 2L("-™)/2)J ^4-^ and xo(l) = 2L(— i)/2)J 



^(A^)) i?(A(-V 

First suppose that n — m is even, so that cr(A^'^''*) = 1 and o'(Aq"''') = —1. 
When restricted to 2.2l„, Xi thus splits, while xo doesn't. Taking characters ipi 
and ipQ in these restrictions, we obtain, by Theorem 13.51 and since in this case 

L(n-m-l)/2)J = L("-™)/2)J -1, 

1 2L("-™)/2)J-in! 2L("-™-i)/2)Jr7! 2l-("-™-i)/2)J7i! 

Z""^^'^ ^ i7(A(-)) ^ H{X^^) ^ i?(A(-)) = 

so that ipi, ipo ^ Irro(i?) satisfy < "00(1)- 

Suppose now that n — m is odd, so that (t(A^™'') = —1 and (t(Aq™'') = 1. When 
restricted to 2.2l„, xo thus splits, while Xi doesn't. Taking characters i/jq and ipi in 
these restrictions, we have 

V^,(l) = X.(l) = 2L("-")/2)J 



i?(A(-V 



and, since in this case [{n — m — 1)/2)J = [(ri — m)/2)J, 

Y 2L("-™-i)/2)Jnl 2L("-™)/2)Jnl 

^"^'^ = 2^°^'^ ^ 2i7(A^-)) ^ 2i/(A^-)) ■ 

We therefore obtain ?/'o(l) ^ V'lll), unless i?(A|'"^) = 2H{X^^^). 
To exclude this last possibility, write, for each bar partition v, H{iy) = Hp[v)Hpi{v), 
where H.p{v) (respectively Hp'iy)) is the p-part (respectively the p'-part) of H{y). 
Since Xi and xo both have p- height 0, we have i?p(Aj-"'^) = Hp{X^^^). Also, since 
all the (p)-bars in x'f ^ and Ag™'' are of type 1 or of type 2, Proposition 2.5 in H] 
gives Hp.{xf'^) EE ±i?(7) (modp) and i?p'(A^"'^) = ±H{l) (mod p). If i7(A,^'"^) = 

2HiX^^^), and since i?(7) is invertible (modp), this implies 1 = ±2 (modp). This 
can only happen if p = 3, in which case 1 = —2 (mod p). 

We therefore suppose that p — 3, and we first suppose that > i+p. Looking at 
the case = 1 in the proof of Theorem l3.5[ we see that, writing {1, 2} \ {i} — {j}, 
we have 

:^^=3(3 + e0(3 + e.-j) and ^^=3i3 + e,)-. 
H(7) i7(7) I 
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But since Ci > i + p, we have 3 + Ci ~ j > 6 + i — j G {5, 7}, so that 3 + Ci — j > i 
and H{X^^) > 2i?(AW). Since, for each 2<k<w,we have > 

we finally obtain that, if p = 3 and Ci > i + p, then H{x[^'') > 2H{xl^''). Thus, in 
this case, we get, as above, ipi, ipo G Irro(-B) such that "00(1) 7^ "fpii^)- 

The last case to study is thus when p — 3 and Ci — i. In this case, we have 7 = (i), 

A-'"'' = {pw + i) and Ag*"^ — {pw, i). The bar lengths in A^""^ are {1,2, . . . , pw + i}, 
while those in Ag^-* are {1, . . . , pw — (i + 1), pw — (i — 1), . . . , pw, pw + i, 1, . . . , i}. 
We thus have 

HjXl"'^) _ \ pw-\ if^ = l, 

Since p = 3 and w > 2, we obtain in both cases that YK}^^^) > 2H{xl^''). Thus, 
in this case also, we get ipi, ipo G Irrg(_B) such that rjjo{l) 7^ 0i(l)- 

Finally, we have shown that, if there exists a unique i such that ^ 0, then we 
can find tpi, ^po ^ Irrg(i3) such that ipo{l) ^ ipi{l) . This ends the proof. 

□ 

Corollary 4.2. Let n > A be any integer and p be a prime. If B is a p-block of 
2.2l„ all of whose height zero characters have the same degree, then B is nilpotent. 

Proof. As we mentionned in Section [51 if p = 2 or if p is odd and _B is a non- 
faithful block, then B must have cyclic defect groups. Since Brauer's Height Zero 
Conjecture is obvious in this case (as all the characters are linear), [SI Theorem 4.1] 
implies that B is nilpotent. 

If p is odd and _B is a spin block, then, by Theorem 14.11 B must have abelian 
defect groups. Since Brauer's Height Zero Conjecture holds for 2.2tn for p odd (see 
[7]), we deduce from [6l Theorem 4.1] that B is nilpotent. □ 
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